INTRODUCTION
BY a Q-Calabi-Yau 3-fold X we mean a projective 3-fold X with only terminal singularities such that mK, + 0 for a positive integer m. When K, -0, X is called a Calabi-Yau 3-fold. Every smooth projective 3-fold Z with K(Z) = 0 is birational to a Q-Calabi-Yau 3-fold (cf. [17] , [7] ). In this paper we first study the Kuranishi space of a Q-Calabi-Yau 3-fold and next study the behaviour of ample cones of Calabi-Yau 3-folds with terminal singularities under deformation.
Our first result is the following. For a Calabi-Yau manifold X (i.e. a projective manifold with K, -0) it was proved that Def(X) is smooth by Bogomolov, Tian and Todorov (cf. [25] , [26] ). After that, Ran gives an alternative proof to the fact by applying his original method called the T'-lifting principle (cf. [20] ). The method was simplified and generalized by Kawamata and Dehgne from the functorial point of view (cf. [S] ). Moreover Ran proved that Def(X) is smooth for a Calabi-Yau Kleinfold X with a suitable additional condition in [21] . A Kleinian singularity (cf. (5.4) ) is a terminal singularity.
However, there is a CalabiiYau 3-fold with a non-Kleinian terminal singularity (cf. (2.4)). Our method is different from [21] except that the T l-lifting principle is used, and it can also be applied to a 3-fold with more general singularities than terminal ones as remarked below.
Since a CalabiiYau 3-fold X with h'(X, 0,) > 0 is smooth by [9] and Def (X) is smooth for such X by the theorem of Bogomolov, Tian and Todorov, Theorem A is a consequence of the following theorems. We shall prove Theorems 1 and 2 in @2 and 4, respectively. $3 is a preliminary section for 94. In the proof of Theorem 1 we only use the fact that a Gorenstein terminal singularity of dim 3 is an isolated rational singularity of complete intersection.
Thus Theorem 1 remains valid tf we replace X by a projective 3-fold with K, -0 and H1 (X, ox) = 0 which admits such singularities.
The second result is on the problem when a Calabi-Yau 3-fold X is smoothable in a flat deformation.
By the argument of Friedman when X is a Q-factorial Calabi-Yau 3-fold with only ordinary double points, X is smoothable since Def(X) is smooth. We generalize the result to the following in $5: We remark that if the condition "Q-factorial" is dropped, then there is an example that X remains singular under any flat deformation [cf. (541. The proof of the theorem proceed as follows. First we define an invariant p(V) for a germ V of an isolated rational singularity.
In particular we see that p(V) > 0 for a Kleinian singularity V of dim 3 different from an ordinary double point. We next show that the canonical map U$+ H'(X, Ti) from the global deformation space to the local one is not the zero map if X contains a Kleinian singularity Vfor which p(V) > 0. Since the Q-factoriahty is preserved under small deformation of X, the theorem is reduced to the case where X is a Q-factorial Calabi-Yau 3-fold with only ordinary double points inductively.
In the final part of this section we give an example of a Q-factorial Calabi-Yau 3-fold with Kleinian singularities different from ordinary double points.
Our third result is concerned with the problem when the ample cones of Calabi-Yau 3-folds are invariant under deformations.
This problem was first studied by P. M. H. Wilson in the case of smooth CalabiiYau 3-folds and he proved that the jumping of ample (Kahler) cones actually occurs if and only if a smooth CalabiiYau 3-fold contains a smooth elliptic ruled surface or a conic bundle over an elliptic curve all of whose fibers are line pairs [27] . If we admit terminal singularities on Calabi-Yau 3-folds, then the topology of 3-folds in general change under a flat deformation rr: ?Z + B. However it turns out that R2n,ZIg is a constant sheaf on B when 7~ is the Kuranishi family of a Q-factorial Calabi-Yau 3-fold (cf. Proposition (6.1)). Therefore the family of ample cones {Amp(Tt)},,, is embedded into the constant sheaf R2n, iw,, and there is a meaning in asking whether the ample cones are invariant or not under deformation.
Then, although it is far from the complete description by [27] in the smooth case, we have a partial generalization of Wilson's result to the singular case (cf. $6): such that an irreducible surface E on 9, is contracted to an irreducible curve C on X, and one of the following holds:
(1) A general fiber of E + C is isomorphic to P' and g(c) 5 1 with c" the normalization of c.
(2) A general $ber of E + C is isomorphic to two P's which intersect normally at one point.
Otherwise the family of ample cones is invariant at t.
There is an example where the condition (1) is satisfied with g(c") = 0 and the ample cones actually jump (cf. Example (6.7)). This is a new phenomenon in the singular case.
PROOF OF THEOREM 1
In this section X is a Calabi-Yau 3-fold with H'(X, 0x) = 0. By [22] the singularities of X are isolated cDV points (i.e. their general hyperplane sections are Du Val singularities).
LEMMA (2.1)
. E&,(X, a:) = 0 for i = 0, 1 and pE Sing(X).
ProoJ Since X is locally embedded in a smooth 4-fold Z as a hypersurface defined by an ideal I, we have the exact sequence Since l/l2 and sZ;lx are locally free and depthPox = 3, we have the result. Q.E.D.
Let Sing(X) = {pr, . , p.} and set U = X -Sing(X). Take a resolution v: _? + X such that its exceptional locus is a simple normal crossing divisor on x". Then we have a natural map fik+ v*Ri. Since Ho rPI)(X, Sz:) = 0 by (2.1), this map is injective. Since HF,,,(X, v*!Ai) = 0 and Hfp,)(X, 0:) = 0 again by (2.1) the map is surjective.
LEMMA (2.2). The image of the map
(1/2ni)dlog: Since H '(0,) = H'(O%) = 0, each term of the horizontal sequence at the bottom is a finitely generated Z module. For a Z module F we denote by F, the tensor product is surjective, which implies the lemma. We shall finish the proof by showing the following claim. Since H'(0,) = 0, we have ox.;s. = Co,". By the duality the above is equivalent to saying that Example (2.4) . This is an example of a CalabiiYau 3-fold with non-Kleinian singularities. Let rc: Si -+ P' and /I: Sz + P1 be two rational elliptic surfaces with sections. Fix a point r. E Pi. Assume that (1) 2 has a singular fiber of type II over to, and (2) rc has a singular fiber of type III over to.
Then the fiber product X of Si and S2 over P' is a Calabi-Yau 3-fold with a terminal singularity which is analytically isomorphic to x2 + y3 + z(z + w)(z -w) = 0. This is not a Kleinian singularity. (C", 0) ) and G is a cyclic finite group in GL (4, C) which acts (C4, 0) diagonally in such a way that fg = ['f with a primitive IG(-th root [ of 1 and with a generator g of G.
PROPOSITION ( Since G is finite, the obstruction to the deformation of (Y, q) with a G-action is in ( Proof Note that since Y -+ S is of locally complete intersection, o~,~ is a line bundle on Q. Hence we have w$,!~I~ = &?.
(1) Since / is finite, (/*w&) Be, Ox N (f, cogi). In general, for a G-sheaf F on Y, (/,9)G is a direct factor of f*F.
In fact there is a map tr: f*9 + (/,9)' defined by 8+ l/IGI Cog which is a section of (/!9)'+ (/*F). Therefore the functor (p.9) + (/*9)" is exact and we see that (+7*&,!s)G @@,, Lox -+ ( /,c#)~ is a surjection. Consider the commutative diagram:
Since the vertical maps are injective, ( ~*co&)~ Oe,v Ox --t (p",w,"')' is injective, which implies (1).
(2) The first statement is clear. Set V = pm I(%). Then (P; CO$)~)~ E oi&. In order to prove the second statement, it is enough to see e&. 2 j,@',,.
Since && is a line bundle, it suffices to show OB 2: j, Oy. We have depth, 6Jq = 3 because Co, is flat Co,-module and depth, Or = 3. Thus by using local cohomologies, we see oq Y j, Coy. 
PROOF OF THEOREM 2
In this section X is a Calabi-Yau 3-fold with the global index m 2 2. The global index m of X is the minimal positive integer such that wFi 'v Ox. Since the Co,-module R := 0:::
Clx( -iK,) has an Ox-algebra structure by the multiplication -Ox,wg:is a flat Os-module, and H '(CO,) = 0, we have u&k = OF. Thus 9 has an OS-algebra structure by the multiplication wg$ @ ogfi + OF,' "I. Thus we have a finite cover f: +Y = SpecOzg -+ X. We call this map the relative canonical cover of X over S. By (3.2) 97 is an infinitesimal deformation of Y over S. There is a G( = Z/mZ)-action on % such that it is compatible with the natural G-action on Y. From now on we shall prove that X has the U'-lifting property under the assumption that Y has the U l-lifting property. Set S, = Spec C [t]/t"' ' and assume that an infinitesimal deformation X, + 1 (resp. X,) of X over S, + 1 (resp. S,) is given in such a way that X,+ 1 + X is factored through X,+ r t X,. Then by the above argument we have a commutative X has the T'-lifting property if the natural map Ext&+,(nfu.+, :.s,+, > ox,, I) + Ex&,,@:" S"3 @x,,)
is surjective for every n 2 0.
PROPOSITION (4.1). Ext&x_(R:m/s,, Ox,,) 1 Ext&(R bnls,, By,)' for all n 2 0.
Proof It is enough to prove that Since 0, is flat over Los. and depth, fly = 3, depth,Oyn = 3 for every point q E Y. In particular, HL)(LOya) = 0. Combining this with the fact that fn is finite and etale outside finite number of points, we have a bijection from Ext,&(f151:,js,, Co,) to Ext&_(n:n,,n,fn * Or"). As for (2) we consider an exact sequence:
Since fn is etale outside finite number of points, K and ni,,,x, are both supported at finite number of points. Since depth,@," = 3 for every point qE Y, we have
Thus we have (2) .
Since Y has the U'-lifting property, %"+,(~:"+,,sn+,7
Because the action of G is compatible with the diagram (4.0) and G is a finite group, X also has the U'-lifting property by (4.1).
$5. SMOOTHING OF CALABI-YAU 3-FOLDS UNDER DEFORMATIONS
In this section we shall consider when a Calabi-Yau 3-fold is smoothable under a flat deformation.
In the remainings we denote by Jz'c the C-vector space JZ Oz C for a Z-module &?.
Definition -PROPOSITION (5.1). Let X be a germ of an isolated rational singular point and v: ?? -+ X a resolution of the singularity. Then the dimension of the @-vector space Coker (H'(Z, @)c ("2ni)d'os* H1 (x", Cl;)) is independent of the choice of the resolution, and we denote it by p(X).
We have (5.1) by the following two Lemmas (5.2) and (5.3).
LEMMA (5.2). Let f: Y + Z be a projective birational morphism of smooth varieties such that the indeterminant locus of f-' is a compact subset of Z. Then the map H'(Z, R'f,LoF), + H'(Z, R'f,R{) is an isomorphism.
Proof It is enough to prove the lemma in the case that f is a composition of blowing-ups with smooth centers. In fact by [6] there is a commutative diagram of projective birational morphisms: Since Xi has only rational singularities, cp is an injection. If dimc(Coker 4) > 0, then we have done by the snake lemma.
We shall prove in the sequel that dimc(Coker 4) > 0 if X is not of type (A,).
(THE CASE OF TYPE A,; n 2 2)
Let E be an exceptional locus of Z. Then in this case we see that E is a Cartier divisor on Xi and E is isomorphic to the hypersurface defined by Tc + T: + T: in (p3, (To : . . . : T3)). A unique singular point PEE is an A,-rational double point and PEX, is a Kleinian singular point of type An-z (we have a smooth point in the case n = 2). Let h: l?--+ E be the canonical resolution of E, and we define fib := h, 0;. Then we have the exact sequences:
O+U,(-E)+R:,),+Q;+O (2)
Since nk is torsion free by the depth argument and oE( -E) is a line bundle, $24, IE is torsion free by (2). Hence we get the exact sequence for an integer In the exact sequence (1) r # 0. In fact we imbed (E, P) into (C3, 0) as a hypersurface defined by xy = .z2. Then h*(z(dy/y)) is a regular l-form on ,6. However, z(dy/y) is not regular on (E, P). This implies that z # 0. Since H'(E, 0:) = 0, H'(E, fib) = @, H"(E, z) # 0 and H'(E, 2) = 0, we have h'(E, fif) 2 2. Since oE(E) and wE are both negative line bundles, we have H2(E, O,( -E)) = 0 by the Serre duality. By (2) 
we see that H'(E, a:, IE) + H'(E, QL)
is a surjection.
CLAIM. H*(E, fi:, 1~ 0 BE(( -k + l)E)) = 0 for k 2 2.
Proof of the Claim. Taking the twist of (2) with cO,((-k + l)E), we have the exact sequence:
Here we have H*(O,( -kE)) = 0 since O,(E) and oE are both negative line bundles. On the other hand we can prove that H2(E, SzL 0 0,(( -k + l)E)) = 0 as follows. By (1) it is enough to show that H'(E, z) = 0 and H2(E, fii @I U,(( -k + l)E)) = 0. The first is clear because dim supp(s) = 0. Since H"(E, O,((-k + l)E)) # 0, we have an exact sequence O+fiA-+fiL@o,((-k+ l)E)+Coker+O.
Since H2(E, Coker) = 0, it suffices to prove H*(E, 6;) = 0. By the Hodge symmetry for a V-manifold, we have h
*(E, fi;) = h'(E, oE). By the Serre duality we have h'(E, wE) = h'(E, 0,) = 0.
Q.E.D.
By the Claim and the formal function theorem we see that hl(X1, Qfi;,) 2 2. However dim,H'(X,, cot,), = h2(X1, @) = h2(E, a=) = 1. Hence we have dim, Coker(4) 2 1.
(THE CASE OF TYPE (D,), (E6), (E,) OR (Es))
In this case we see that the exceptional locus E of rt is a variety with normal crossing. E has two irreducible components El and E2 both of which are isomorphic to p2, and the double locus C is a line in each component. X1 has only Kleinian singularities and they are lying on the C. We can check that E is a Cartier divisor on X1. By a calculation we have
ax1 = 8,,(E).
Since aEIE, N cOpl( -2) we have Oc(E) N Opl( -1) by the adjunction formula: wxl @ Lo,(E) z oE.
Let rE be the torsion part of flk. Since NCIE, N Opt(l) for i = 1, 2, we have rE = S,j( -2).
Thus we obtain h'(E, QL) = 2 since h'(E, TE) = 1, h'(E, SIL/z,) = 1 and h'(E, Q$) = 0.
Since H2(6JE(-E)) = 0 by the Serre duality, the map H'(E, Q:,lE)+ H'(E, Sz;) is a surjection. Since H*(Co,( -kE)) = 0, by the exact sequence
O-a&(-kE)+&(,@o,((-k+ l)E)-&@O,((-k+ l)E)+O
we will show that H*(E, nl@ 0,(( -k + l)E)) = 0 for k 2 2. For the purpose it is sufficient to prove that H'(E, fJL/sE @ O,(( -k + l)E)) = 0. However, it can be checked by the result O,(E) 1: O,,( -1) and by the exact sequence 0 + &/r, --, p* n& + sz; + 0, where p: Et01 -+ E is the normalization of E.
By the above argument and by the formal function theorem we have h'(Xr, n$,) 2 2. However dimcH'(Xr, Ozr)c = h2(X,, C) = h2(E, @) = 1. This implies that dim, Coker(+) 2 1.
Let X be a Calabi-Yau 3-fold with terminal singularities, U the smooth part of X, and v: 2 + X an equivariant resolution. We denote by E the exceptional locus of v. Set Uk = Ext&,@$, 0,) and Ti = &z&(JZ~, 0,) (i = 0, 1). We assume that X has a singularity, which implies that H'(X, 0,) = 0 by [9] . Then there is an exact sequence
-+ H'(X, T;) + U; -+ H"(X, T;) + H'(X, T;).
By [4] there are isomorphisms U: N H'(U, T",) and H'(X, T:) 1: Hi(X, Ti) (Z := X -U) such that the above sequence is identified with the following sequence of local cohomology:
+ H'(X, T;) --, H'(U, TO,)+ H:(X, T;) + H2(X, T;).
Since v* 0% N T;, we have an exact commutative diagram:
O+ H'(J?, 02) + H'(U, TO,) + f&X",@) + H2(~,0~) t

II t t O+ H'(X, T;) + H'(U, TO,) + H;(X, T;) + H2(X, T;).
Since X has only terminal singularity, there is a non-trivial section 9 E H'(x", we). We have an injection 0~ + n$ by r,r. Then we obtain an exact commutative diagram: In this case X is not Q-factorial.
Example (5.9)
. This is an example of a Q-factorial Calabi-Yau 3-fold with Kleinian singularities different from ordinary double points. Let II: S1 -+ P' and 1: S2 + P" be rational elliptic surfaces with sections. Fix a point to E P' and assume that (1) z has a singular fiber of type II over to and every fiber of n is irreducible, (2) 2 has a singular fiber of type III over to, and (3) either n-'(t) or i.-' (t) is smooth for every point t # to.
Then the fiber product X of Sl and SZ over P' is a Q-factorial Calabi-Yau 3-fold by [24, Lemma (3.1) ]. X has a Kleinian singularity analytically isomorphic to x2 + y2 + z(z + w)(z -w) = 0. It is clear in this case that X is smoothable by a flat deformation.
$6. INVARIANCE OF AMPLE CONES UNDER DEFORMATION
We shall consider how the ample cones vary in a flat family of Calabi-Yau 3-folds with terminal singularities.
In this section we only treat a Calabi-Yau 3-fold X with H '(X, 0,) = 0. The topology of the 3-fold does change under a flat deformation.
However, we have the following result. It is sufficient to prove the following lemma.
LEMMA (6.3). There is a positive constant c such that h'(C!I,([mD]))
> cm3 for m ti 0. Let X be a Q-factorial Calabi-Yau 3-fold and cp a birational projective morphism of X to a normal projective variety X.
Then according to [27] we call cp a primitive contraction of X if p(X) = p(X) + 1. If the exceptional set of a primitive contraction cp is a finite number of curves, then cp is called of type I. If the exceptional set of cp is an irreducible surface E and cp contracts E to a point (resp. an irreducible curve), then cp is called of type II (resp. type III).
Let 'II: X-, B be the Kuranishi space of X as in (5. Let E be the exceptional locus of qo. Then E is an irreducible surface which is a Cartier divisor on X because X is factorial (cf. [lo, Lemma 5.11) . Since H'(X, Q,(E)) = 0 (cf. 1127, p. 5721) and E is lifted to a line bundle d on X, E moves to sideway in the family TC: X + B. Hence cpt is not an isomorphism for every t near 0.
(THE CASE q0 IS OF TYPE I)
We may assume that B is a l-dimensional disc A,. Let C be a connected component of the exceptional locus of cpO and set P = cp,, (C). Let fl be an open neighborhood of P E 3 and set U = cp-'(0).
Since (!?,,, P) is a 3-dimensional Gorenstein terminal singularity, it is a l-parameter family of rational double points (cf. [22] ). Hence L? is a 2-parameter family of rational points; there is a l-dimensional disc A2 and a holomorphic flat mapping f: L? + A1 x AZ such that (1 By definition Co is an exceptional curve of S + s Let e, be the proper transform of Co by ??-+ S. Let E0 be the locus in Def(S") where c,, deforms in the semi-universal family. Then E, is a smooth Cartier divisor of Def(S) which is mapped onto an irreducible component F0 of the discriminant divisor F of Def(S) (cf.
[Z]). Let G be the pull-back of the divisor F by the map A1 x AZ -+ Def(S).
Since (ZO, P) is an isolated singularity, G n (0) x A2 = (0,O) if we take Ai and AZ small. Let Ho be the pull-back of F0 by the map T-+ Def(s"). Then this implies that H, dominates A, by ( p1 3 cx): T-+ A,.
Consider V (resp. c, U) as a l-dimensional family of 3-folds over A,. We denote by V, (resp. c, U,) its fiber over t E A,. By the above argument co moves sideways in ?--+ Ar Hence for each t E Ai there is a curve fit c R which is a deformation of fiO. Define C, c U, to be the image of fir by the map: Fz -+ V, -+ U,. Then C, is contracted to a point by the map U -+ fi. This implies that qt: Z-t -+ %, is not an isomorphism.
Next we study a primitive contraction of type III cp: X + X of a Q-factorial Calabi-Yau 3-fold. The exceptional locus of cp is an irreducible surface E which is contracted to an irreducible curve C on X. X has cDV singularities along C (cf. [27] ). Moreover, Sing (2) is of c&-type (n = 1 or 2) at a general point p E C c 2. In fact, by [22] Sing(X) is a locally trivial deformation of rational double points at a general point p E C c 2. If Sing(X) is of type cA, (n 2 3) cD,(n 2 4) or cE, (n = 6, 7, 8) at p, then E contains at least two curves
Ii and l2 in a fiber which have different numerical types (i.e. R, [li] # R, [/,I in NE(X)). This contradicts the primitivity of cp. Hence a general fiber of E + C must be a P' or two Pi's which intersect normally only at a point. 
PROPOSITION (6.5). Let cp
HZ(&).
Since a general fiber of E 4 C is isomorphic to P' and Sing(X) are isolated points, we may assume that v is a composition of the blowing ups of curves or points in fibers of E + C. A fiber of E -+ C contains rational curves only. (6.7) . Let 71: S, + IFD' and A: Sz 4 $' be two rational elliptic surfaces. We assume that (I) 1 has irreducible fibers only, (2) n has the fibers of type I, (k 2 1) only as singular fibers, (3) z and i have singular fibers of type Ina(no 2 2) and of type I, over a point t,,~ P' respectively.
Since KSI' = n*CopI( I) and K,' z i*fl'pI(l). the fiber product X of S, and Sz over p' is a Calabi Yau 3-fold (with terminal singularity). The CalabikYau 3-folds of such types are studied by 1341 and [ 181. In particular, X is Q-factorial under the assumptions (I), (7) and (3) (cf. [24] ). Denote by IF, C, and II the singular fibers of 7c and i, over to respectively. Put I< := C, x D. Then there is a primitive contraction cp: X + X such that E is contracted to an irreducible curve isomorphic to L). Now consider general small deformations S', and S; of rational elliptic surfaces SI and Sz with sections. Then S', and S; have only irreducible fibers. Let j': X 4 A' be a Iparameter deformation of X corresponding to the above small deformations of S, and Sz. Every fiber of E over D disappear in the deformation j: Thus the ample cones actually jump at OEA'.
